Abstract: This paper investigated the steady-state mass transport process through anisotropic, composite membrane layers with variable mass transport coefficients, such as the diffusion coefficient, convective velocity, or chemical/biochemical reaction rate constant. The transfer processes can be a solution-diffusion model or diffusive plus convective process. In the theoretical part, the concentration distribution as well as the inlet and outlet mass transfer rates' expressions are defined for physical transport processes with variable diffusion or solubility coefficients and then that for transport processes accompanied by first-and zero-order reactions, in the presence of diffusive and convective flow, with constant and variable parameters. The variation of the transport parameters as a function of the local coordinate was defined by linear equations. It was shown that the increasing diffusion coefficient or convective flow induces much lower concentrations across the membrane layer than transport processes, with their decreasing values a function of the space coordinate. Accordingly, this can strongly affect the effect of the concentration dependent chemical/biochemical reaction. The inlet mass transfer rate can also be mostly higher when the transport parameter decreases across the anisotropic membrane layer.
Introduction
The thermal motion of the transferred components through a dense membrane layer has basically the same transfer laws as that through a laminar liquid or gas phase. The most important mass transfer expressions for gas-liquid or liquid-liquid systems, without [1, 2] and with chemical reaction [1, 3, 4] with constant or variable diffusion coefficients [1] , were described in detail in previous literature [1] [2] [3] [4] . Though the diffusion process, at least during single component transport, has a similar mechanism in the membrane layer than in a laminar fluid layer, against which there are two essential differences in the mass transport processes between the two cases [5, 6] , namely: (i) A convective velocity can exist in membrane transport, which can increase or decrease the overall (diffusive plus convective) flux, depending on the membrane's structure, the transmembrane pressure difference, and the interconnection between molecules, etc.; (ii) the absence or presence of a sweeping phase on the permeate side. Due to these conditions, the outlet boundary conditions differ from each other in these two operating modes. The presence of a sweeping phase can induce the same outlet boundary condition that occurs during mass transfer through the laminar fluid phase into its bulk fluid phase. It is important to note that the often strong physico-chemical connection between the simultaneously transported molecules and the polymer molecules can induce special transport mechanisms, e.g., coupling transport of components expressed by the Maxwell-Stefan approach etc. [6] [7] [8] [9] [10] [11] . These latest
Accordingly, the membrane concentration of the inner edge of the first sublayer is:
Accordingly, any interface concentration can be predicted as:
By means of the above simple expression, the concentration distribution can be calculated by any variation of the diffusion coefficient as a function of the local coordinate and/or concentration. In this latter case, the trial-error method should be used to fit the value of the diffusion coefficient to the actual values of the interface concentrations in the sublayers. 
The overall mass transfer rate is equal to the mass transfer rate related to any differential 
By means of the above simple expression, the concentration distribution can be calculated by any variation of the diffusion coefficient as a function of the local coordinate and/or concentration. In this latter case, the trial-error method should be used to fit the value of the diffusion coefficient to the actual values of the interface concentrations in the sublayers. Figure 1 . Division of an inhomogeneous (anisotropic) or composite membrane into N thin sublayers, in which the transport parameters, namely the diffusion coefficient (Di) and Peclet numbers (Pei), as well as the solubility coefficients (Hi), are constant.
Mass Transport with Varying Diffusion and Solubility Coefficients
In the case of a multilayer composite membrane, the change of the solubility coefficients should also be taken into account. The notification of the sublayers is illustrated in Figure 1 . Every sublayer might have a deviating solubility component. It is assumed that equilibrium exists at the internal 
In the case of a multilayer composite membrane, the change of the solubility coefficients should also be taken into account. The notification of the sublayers is illustrated in Figure 1 . Every sublayer might have a deviating solubility component. It is assumed that equilibrium exists at the internal interfaces, thus it can be expressed between the two sides of sublayers as: φ 1 
The overall mass transfer rate can be given for N sublayers as:
with:
According to Equations (5)- (7), the concentration of the ith sublayer can be given as:
while the value of the φ * 1 is:
Diffusive Plus Convective Mass Transport with a Variable Peclet Number
For the sake of completeness and because it might play often important role, especially during biochemical processes, the effect of a variable Peclet number in the presence of convective velocity is discussed in this subsection. The convective velocity mostly increases (it depends on its direction) the substrate (reagent) concentration across the anisotropic membrane layer (as it will be shown later), thus its usage can be useful in the case of concentration dependent reaction rates, e.g., in the case of a first-order reaction. The differential mass balance equation in the dimensionless form [6] (p. 230) to be solved in this case is:
The general solution of Equation (10) is:
The mass transfer rate, taking into account both the diffusive and the convective flows, is [6] (p. 231):
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where:
The change of the Peclet number can be induced by:
• Variation of the diffusion coefficient; and/or by • Variation of the convective velocity.
This latter one can be considered as a special case, which can occur during transport through a cone-shaped membrane, e.g., through a cylindrical membrane, where the convective velocity is inversely proportional to the radius. Its importance might be especially significant in a gas phase, non-isomolar, catalytic reaction, e.g., O 2 + 2H 2 = 2H 2 O. Here, the volume of the gas phase can continuously change across the membrane due to the reaction (the effect of the reaction is discussed in Section 3). On the other hand, the transport processes inside the fluid phases in the lumen or shell of a capillary membrane can also create volume change. The superficial convective velocity can also change in the case of variable porosity in the membrane (note the convective velocity in Equation (11) is generally related to the whole cross-section of an operation unit, thus it already involves the effect of the porosity). The value of the β i mass transfer coefficient will be different in the above mentioned two cases. This process is also illustrated in Figure 1 . Thus, the mass transfer coefficients for the ith sublayer (i = 1, . . . , N) in the above two cases will be, respectively:
or:
Equation (16) corresponds to the variable diffusion coefficient and constant convective velocity, while Equation (17) expresses that the convective velocity is a variable parameter; the diffusion coefficient can be constant or variable, as well.
Note, the solubility coefficient is considered to be constant across the whole membrane layer, and its variation with the local coordinate seems to be less important in this case, thus HC o = φ * ,
The change of the driving force depends on values of the Pe i -number as well (note, the driving force is the concentration difference in the parenthesis, e.g., in Equation (18) , which involves an exponential factor as well; thus, its value could essentially be different from that obtained in the case of a simple diffusive flow). According to Equation (13) , the mass transfer rate for the ith sublayer can be expressed as (when i = 1 then φ * i−1 will be equal to the inlet value of the membrane concentration, φ * ):
Applying the equality of the ith mass transfer rates, the overall mass transfer rate can easily be obtained as:
The concentration of the outer edge of the ith sublayer (i = 1, . . . , N − 1, because at i = N φ * N = φ * δ ) can be obtained by the following equality:
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Thus, the concentration of φ * i is:
The value of φ * 1 is found as:
Equations (22) and (23) enable the user to predict the concentration distribution of the reactant across the catalytic membrane layer, and the mass transfer rate at variable diffusion coefficients and/or at a variable convective velocity.
Diffusive (Plus Convective) Mass Transport with Chemical/Biochemical Reactions through a Flat-Sheet Membrane, Applying the Two Operation Modes
The chemical/biochemical reaction induces the concentration gradient inside the catalytic membrane layer, independently of the operating modes; thus, the reaction creates diffusive concentration transport across the membrane by both operation modes, namely with a sweeping phase (dφ/dy > 0 is valid in almost all cases at the outlet surface of the membrane layer) and without a sweeping phase (dφ/dy = 0; this can also take place during biochemical catalytic processes) on the permeate side, though there will be not outlet diffusive flow in this latter case. These two operating modes can essentially give different concentration distributions and mass transfer rates. This paper is focused on the transport process with a variable diffusion coefficient, convective velocity, and/or reaction rate constant. For the sake of completeness, however, we give the mass transfer rate expressions in closed mathematical forms for the cases when the differential mass balance expressions can be solved analytically, namely in cases of mass transport accompanied by first-and zero-order reactions, with constant transport parameters (see Appendix A). These expressions are, at least partly, published already in the literature [6, 28, 29, 32] . The general differential mass balance equation to be solved for this reactant transport process across a flat-sheet membrane layer and in a steady-state condition is:
where Q expresses the reaction rate with general reaction kinetics. Its dimensionless form of the local coordinate will be (D o represents the value of the diffusion coefficient, e.g., in an infinitely diluted solution and/or its value at y = 0):
Let us adopt it to the Michaelis-Menten kinetics with constant parameters: with:
The limiting cases of the Michaelis-Menten bio-reaction kinetics are the first-order (if K m >> φ) and zero-order (if K m << φ) reactions. As was mentioned previously, there are two operating modes of membrane bioreactors/reactors, namely without and with a sweeping phase on the permeate side. The inlet and outlet mass transfer rates for these mean four cases and are also listed for the sake of completeness in this study, though some of them are published already [28] [29] [30] [31] [32] . The boundary conditions are defined as follows:
at
The above inlet boundary condition is valid for both operating modes. While at the outlet surface, when the sweeping phase does not exist on the permeate side, the concentration gradient is zero, thus:
or when there is a sweeping phase on the permeate side, the concentration gradient will mostly be higher than zero:
The differential mass balance equations in the case of the first-order reactions were defined with constant mass transfer parameters, namely Pe and ϑ, and the mass transfer rates are listed for both the first-and zero-order reactions in the Appendix A.
Mass Transport without a Sweep Phase
In this subsection, the general solutions for first-order reactions are defined. The outlet diffusive mass transfer flux in this case will be zero, thus dφ/dy = 0 at Y = 1. The first-order chemical/biochemical reaction occurs perhaps most often in the technology practice. The differential mass balance equation for this case is as [6] (p. 241):
or in dimensionless form of the space coordinate:
The general solution of Equation (32) is known in the literature, so the concentration distribution in the catalytic membrane layer can be given as follows:
The values of the parameters, T and S, should be solved by the application of the boundary conditions given by Equations (28) and (29) [6] . The inlet and the outlet mass transfer rates are given in the Appendix A.1.
Mass Transport with a Sweep Phase
The sweeping phase removes the permeated reactant/product from the outlet membrane surface into the bulk sweeping phase. Accordingly, the outlet interface and the bulk permeate concentrations can differ from each other. Consequently, diffusive flow can also be induced at the outlet membrane surface, due to the concentration difference at the outlet membrane surface. Thus, the external boundary conditions will be as they are given by Equations (28) and (30) . The solution methodology is similar to that applied in the previous case. The inlet and outlet mass transfer rates, for both the first-and zero-order reactions, are given in the Appendix A.2.
Mass Transport with Variable Mass Transport Parameters
The differential mass balance equation to be solved for this case is given by Equation (25), while for the Michaelis-Menten kinetics, as the general biochemical reaction kinetics, it is given by Equation (27a) with constant transport parameters. Obviously, this differential equation has no analytical solution, thus it should be solved by a numerical method or by an analytical approach solution. This latter one was developed by Nagy [6] and used for calculation of the mass transport process. This analytical approach solution's procedure is written in detail, e.g., in [6] (pp. 279-281 and pp. 177-183). The essence of this solution is that the bio-catalytic/catalytic membrane layer is divided into N sublayers with a very thin thickness. The value of N should be relatively high, depending on the slope of the concentration change; in our prediction, the value of N was generally changed as: N = 400-600). The non-linear reaction will then be reduced to a first-order reaction with constant mass transport parameters and it should then be solved analytically for every thin sublayer. Thus, for example, the differential mass balance equation with Michaelis-Menten biochemical reaction kinetics will be defined for the ith sublayer as (i = 1, . . . , N) in the general case, namely when every transport parameter (D, υ, v max , K m ) can vary as a function of the local coordinate and/or even of the concentration of the solute:
In the case of an anisotropic or composite membrane layer, both the values of v max and K m can change as a function of the local coordinate. In the dimensionless local coordinate, Equation (35) will
and:
The general solution of Equation (37) for the ith sublayer can easily be defined by taking into account the solution for constant parameters (see Equation (33)). For determination of the T i and S i parameters, two boundary conditions should be given for every single interface between the sublayers as [6] (p. 280):
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Additionally, the boundary conditions at Y = 0 and Y = 1 should also be given, which are given by Equations (28) and (29) or (28) and (30) without and with a sweeping phase, respectively. The value of φ i−1 in Equation (36) is known from its calculated data obtained during the previous calculation step (it is also recommended to apply its average values for the (i − 1)th sublayer).
Results and Discussion
In this section, the predicted results will briefly be discussed, focusing on the effect of the variation range of the mass transfer parameters on the concentration distribution and the mass transfer rates. Especially, the concentration distribution can dramatically vary during the diffusive plus convective mass transport processes. This fact can then significantly affect the effect of the chemical/biochemical reaction rate, which can then often improve the reaction efficiency.
Mass Transport without Chemical/Biochemical Reaction
Two cases of physical mass transfer will briefly be discussed in this section, namely simple diffusive mass transport and diffusive plus convective mass transport. In this latter case, either the diffusion coefficient or the convective velocity is varied as a function of the local coordinate. The developed expressions, given in Section 2, can also be applied when the diffusion coefficient is a function of the reactant concentration. In this case, however, an iteration method should be used for the diffusion coefficient to be accurately fitted to the actual value of the reactant concentration. This section will demonstrate the effect of the variable mass transfer coefficient, namely the diffusion coefficient or convective velocity, by one figure for every case.
Mass Transport with a Variable Diffusion Coefficient in Diffusive Mass Transport
Let us first show the typical curves of the concentration distribution during the diffusive, physical mass transfer process with a variable diffusion coefficient. The applied mass transfer rate and concentration equations are listed in Section 2.1. The value of the diffusion coefficient as a function of the local coordinate was changed according to the given expression, namely, in the case of its decreasing value, the applied equation was:
, where D o = 1 × 10 −9 m 2 /s and δ = 1 × 10 −4 m. Thus, the value of D was varied between (11 -1) × 10 −9 m 2 /s and (1 -11) × 10 −9 m 2 /s, and its linear variation occurred as a function of the local coordinate, respectively. The inlet mass transfer coefficients were obtained to be 4.21 × 10 −5 m/s and 4.05 × 10 −5 m/s with increasing and decreasing diffusion coefficients, respectively. It is obvious that the mass transfer rate strongly depends on the range of the diffusion coefficients' change. As can be seen, the concentration distribution can be strongly affected by the variation of the diffusion coefficient as a function of the local coordinate. It is clearly seen that the decreasing value of the diffusion coefficient induces a concentration distribution with higher concentrations. Higher average values of the reactant concentration can essentially increase the reaction rate if the reaction rate is dependent on the concentration. This occurs most often in practical cases. The zero-order reaction is the only deviation from it. A brief analysis of the effect of the concentration dependency, namely exponential and linear diffusion coefficient, is given in the study of [6] (pp. 97-99).
The Effect of a Variable Pe-Number on the Concentration Distribution
The Peclet number involves both the value of the linear convective flow and the diffusive mass transfer coefficient. Usually, the convective velocity is considered to be constant during a transfer process. It is often related to the cross-section of the device investigated; here, to the total membrane surface, which takes into account the average value of the linear velocity. On the other hand, the porosity or tortuosity can change across a membrane with an anisotropic structure as a function of the local coordinate, which can change the superficial convective flow and thus, the average velocity related to the total membrane cross-section can also vary across the membrane. The effect of a variable diffusion coefficient with constant convective flow as well as the effect of a variable convective with constant diffusivity will be briefly illustrated. Generally, the effect of the convective velocity can strongly depend on the value of the transmembrane pressure. According to the Darcy law, its value practically linearly increases with the value of the transmembrane pressure difference. Figure 2 illustrates the concentration distribution with the change of the diffusion coefficient, and due to it the Pe i value also varies, though the convective velocity remains constant (Equation (16) (16), in which the convective velocity is constant. According to this expression, the change of this mass transfer coefficient depends on the exp(−Pe i ) value as well. The difference between the two curves is significant. The curve with a decreasing Pe-number is strongly convex, but that with an increasing Pe-number has an inflexion point; namely, it transforms from a convex curve to a concave one. The decreasing Pe-number is a consequence of an increasing diffusion coefficient, thus this curve is in harmony with that obtained in the diffusive mass transport process (see Figure 3 ). Both curves have higher concentration values than those obtained by decreasing values of the diffusion coefficient. After increasing the variation range of the diffusion coefficient, the curves obtained by decreasing the Pe-number (that means increasing the diffusive mass transfer coefficient) tend to quickly reach unity, while they approach the horizontal axis in the case of an increasing Pe-number.
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Mass Transport with a Variable Diffusion Coefficient in Diffusive Mass Transport
Let us first show the typical curves of the concentration distribution during the diffusive, physical mass transfer process with a variable diffusion coefficient. The applied mass transfer rate and concentration equations are listed in Section 2.1. The value of the diffusion coefficient as a function of the local coordinate was changed according to the given expression, namely, in the case of its decreasing value, the applied equation was: D = Do(1 + 0.1(N − i)), while in its increasing case: D = Do(11 − 0.1(N − i)), where Do = 1 × 10 −9 m 2 /s and δ = 1 × 10 −4 m. Thus, the value of D was varied between (11 -1) × 10 −9 m 2 /s and (1 -11) × 10 −9 m 2 /s, and its linear variation occurred as a function of the local coordinate, respectively. The inlet mass transfer coefficients were obtained to be 4.21 × 10 −5 m/s and 4.05 × 10 −5 m/s with increasing and decreasing diffusion coefficients, respectively. It is obvious that the mass transfer rate strongly depends on the range of the diffusion coefficients' change. As can be seen, the concentration distribution can be strongly affected by the variation of the diffusion coefficient as a function of the local coordinate. It is clearly seen that the decreasing value of the diffusion coefficient induces a concentration distribution with higher concentrations. Higher average values of the reactant concentration can essentially increase the reaction rate if the reaction rate is dependent on the concentration. This occurs most often in practical cases. The zero-order reaction is the only deviation from it. A brief analysis of the effect of the concentration dependency, namely exponential and linear diffusion coefficient, is given in the study of [6] (pp. 97-99). Let us show briefly the concentration distribution when the diffusion coefficient is constant and the convective velocity changes as a function of the local coordinate. The value of β i was calculated by Equation (17) . Typical curves are plotted in Figure 4 .8i/N) . Accordingly, the value of Pe i was varied between 0.2 and 0.5 or 0.5 and 0.2 to increase or decrease the convective velocity, respectively. The strong increase of the concentration over unity, in the case of lowering the Pe-number, is the result of the decreasing convective velocity. Due to the decreasing convective flow, the slope of the curve gradually increases, causing an increase of the back diffusive flow. After its maximum value, the concentration gradually decreases down to the value of the outlet membrane concentration, namely to zero, since φ * δ = 0 is defined. The diffusive flow should be changed continuously to obtain the constant overall flow, namely the sum of the diffusive plus convective flow. The sum of flows should be constant in every point of the membrane layer. On the other hand, in the case of an increasing convective flow or Peclet number, the concave character of the concentration will slowly become convex close to the outlet membrane surface. Otherwise, the values of the overall mass transfer coefficients, β i , are essentially different. Their values are 9.56 × 10 −6 m/s and 2.97 × 10 −6 m/s for a decreasing and increasing convective velocity or Peclet number. This can mean that the convective velocity change can essentially alter the inlet overall mass transfer coefficient depending on how its value changes, either increasing or decreasing as a function of the local coordinate.
It might be worthwhile to see how the convective and the diffusive transport rate as well as their sum change as a function of the membrane local coordinate. The question that can obviously arise is what is the reason of the concentration increasing in the case of a decreasing convective velocity? Figure 5 shows the change of the mass transfer rates; that is the diffusive (J • diff ), the convective flows (J • conv ) as well as the sum of these two flows (J • ov ). The overall mass transfer rate (the sum of the diffusive and convective flows) is equal to 9.56 × 10 −6 m/s. As can be seen, it follows from Equation (19) to Equation (21) , the overall transfer rate is constant and it is equal to those of any sublayer. Figure 5 represents the overall transfer rate by the red horizontal, dotted line. Meanwhile, the diffusive and the convective flows change as a function of the local coordinate. The increase of the convective flow with the increasing concentration is balanced by the lifting reverse diffusive flow. At a given value of the local coordinate, the diffusive flow will be zero and then its value quickly increases, balancing the lowering convective transfer rate. It is perhaps worth noting that the rather low values of the sublayers (N = 50) enable the user to gain perhaps a rough prediction of the concentration distribution (the software, written in the Qbasic program language, was not able to calculate higher values of N; the accuracy of the calculations was 14 decimal one). These results prove that the plotted values of the concentration are a consequence of the variable convective velocity, and due to it, the variation of the diffusive flow.
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Mass Transport with a Chemical Reaction in the Case of Variable Mass Transport Parameters in the Presence of Convective Flow
In this section, the reactant transfer process accompanied by a chemical/biochemical reaction with constant or variable transport and/or reaction kinetic parameters will briefly be discussed. How the reaction rate can affect the mass transport with constant and variable transfer coefficients will be demonstrated. 
In this section, the reactant transfer process accompanied by a chemical/biochemical reaction with constant or variable transport and/or reaction kinetic parameters will briefly be discussed. How the reaction rate can affect the mass transport with constant and variable transfer coefficients will be demonstrated.
Mass Transport with Constant Transport Coefficients Accompanied by a First-Order Reaction
The effect of the chemical reaction on mass transport in the presence of convective velocity is rarely discussed in the literature in detail. The importance of this process might particularly be important during biochemical processes [29, 31, 32] . One of the most important characters for these processes might be the inlet reactant transfer rate, namely the knowledge of its change as a function of the transport and reaction kinetic parameters. The effect of the first-order and also the zero-order reaction has been discussed in books by Nagy [6] , in Chapter 8, and by papers of Nagy et al. [6, [27] [28] [29] 32] . Thus, how the concentration distribution varies as a function of the reaction rate is not shown in this subsection, only the change of the mass transfer rate will briefly be discussed. All necessary properties of the transport process can be relatively easily predicted by the equations listed in the appendix, in the cases of first-(Appendices A.1.1 and A.2.1) and zero-order (Appendix A.1.2. and Appendix A.2.2.) reactions. Two figures will illustrate the difference in the mass transfer rates between the two operating modes, namely transport with and without sweeping phases on the permeate side, as a function of the Peclet numbers.
The ratio of the inlet mass transfer rates of the two operating modes, namely that of the transport with and without sweeping phases, is plotted in Figure 6 . For an evaluation of the data plotted in this figure, it should be known that the inlet mass transfer rates strongly depend on the reaction rate constant, ϑ. In the case of transport without a sweeping phase, the inlet mass transfer rate tends to be zero when ϑ → 0. As was previously mentioned, the concentration gradient cannot be formed in the membrane layer in this case. Accordingly, a small change in the reaction rate can induce a large change in the mass transfer rate during the slow reaction rate regime. This then induces a huge change in the ratio of the mass transfer rates, at low values of ϑ and low values of convective flow. Note, the convective flux is constant, independently of the reaction rate. On the other hand, these curves illustrate well the effect of the convective velocity, as well, at a given reaction rate constant. With the increase of the Pe value, the ratio of the mass transfer rates tends to unity, independently of the values of the reaction rate constant. Similarly, the ratio also approaches unity with the increase of the reaction rate, independently of the value of the convective velocity. Generally, it can be stated that the two operation modes approximately serve the same mass transfer rate as the fast reaction rate, namely when the reaction rate constant is larger than about three, i.e., ϑ > about 3 in the so-called fast reaction rate regime.
Mass Transport with Constant Transport Coefficients Accompanied by a Zero-Order Reaction
Similarly to the results of the first-order reaction, in this case, the mass transfer rates obtained by the two operation modes are also presented. It is worth noting, in the case of the zero-order reaction, that the reaction rate is constant and it is independent of the reactant concentration. Thus, the behaviour of the ratio of the mass transfer rates differs somewhat from that obtained in the case of the first-order reaction. Figure 7 illustrates the effect of the chemical reaction by means of the two operating modes, namely with a sweeping phase (continuous lines) and without a sweeping phase (dotted lines), as a function of the Pe-number. These curves are typical. It tends to a limiting value in the case of transport with a sweeping phase, while it tends to infinite in the case without a sweeping phase, with a decrease of the Pe-number. Obviously, this difference is partly caused by the different behaviour of the values of the physical mass transfer coefficients. Namely, the value of β • will be zero in the case of only diffusive transport, namely when Pe → 0, and when the transport takes places without a sweeping phase, while it remains practically constant in the case of transport with a sweeping phase, during the decreasing Pe-number. On the other hand, with a decrease of the reaction rate modulus, the ratio of the mass transfer coefficients lower to unity in both operating modes. The ratio of the inlet mass transfer coefficient will also tend to unity with an increase of the reaction rate constant (not shown here), similar to the case of the first-order reaction.
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Mass Transport with Variable Mass Transport Parameters
Function of the mass transport parameters (diffusion coefficient, Peclet number, reaction rate constant) can be very different. It can strongly depend on several factors, such as the membrane structure, interconnection between the reactant(s), and membrane molecules, etc. Here, examples will be shown to demonstrate the effect of these variable parameters on the transport process. As it was done previously, their closely linear variations as function of the local coordinate are also applied again. For the prediction of the results, the so called analytical approach solution is used for (14) and (A21) for β and β • ) and without a sweeping phase (dotted lines; see Equations (14) and (A11) or β and β • ).
Function of the mass transport parameters (diffusion coefficient, Peclet number, reaction rate constant) can be very different. It can strongly depend on several factors, such as the membrane structure, interconnection between the reactant(s), and membrane molecules, etc. Here, examples will be shown to demonstrate the effect of these variable parameters on the transport process. As it was done previously, their closely linear variations as function of the local coordinate are also applied again. For the prediction of the results, the so called analytical approach solution is used for the prediction of the concentration distributions and the mass transfer rates. The expression systems used for calculation are given in detail in [6, 30] (pp. 177-183) for transport without convective flow, or in [6] (pp. 312-315) for cases of diffusive plus convective transport, without and with a sweeping phase. As was mentioned previously, all general reaction kinetics can be reduced into a first-order one, where the reaction rate constant involves all other effects using a very thin transfer layer, which enables the user to consider all variable parameters as constant in these sublayers (see Figure 1 , which illustrates the division of a membrane layer). The analytical solution should be given for every sublayer (its number was changed during our calculation between 400 and 600, in order to reach the requested accuracy). Thus, using this solution approach enables the reader to apply much higher values of N than were was used in Section 4.1. Obviously, this can then result in a higher accuracy as well. The effect of the reaction is illustrated in this study by two figures, only with a sweeping phase on the permeate side due to its much higher importance in the case of biocatalytic membrane bioreactors. Both figures use a first-order reaction with a constant reaction rate constant, which can be considered as the limiting case of a biochemical reaction rate (see Michaelis-Menten bio-reaction kinetics (Equation (27a)) in the case if K m > >φ. The reaction rate constant in this limiting case is: k = v max /K m thus, in the case of constant reaction kinetic parameters and diffusion coefficient:
During the calculation, the reaction rate constant and the Pe number were varied independently from each other. The Peclet number was varied as a function of the local coordinate according to the expression, Pe i = Pe o (1 + 10i/N) with N = 400 and Pe o = 1, in Figure 8 . Thus, values of the Pecet number were varied between 1 and 11 across the membrane layer. The curves obtained show a similar tendency to those obtained in Section 4.1.2. (Figure 4 ) without a chemical reaction. Figure 8 clearly shows the effect of the reaction with an increasing Peclet number. Curves with an inflexion point gradually turn to poorly concave ones with the increase of the reaction modulus. The mass transfer rate strongly increases, as can be seen from the concentration gradient's increase, with the increase of the reaction rate at the starting point of the horizontal axis. The concentration distribution with the lowering Peclet number is also interesting. higher values of N than were was used in Section 4.1. Obviously, this can then result in a higher accuracy as well. The effect of the reaction is illustrated in this study by two figures, only with a sweeping phase on the permeate side due to its much higher importance in the case of biocatalytic membrane bioreactors. Both figures use a first-order reaction with a constant reaction rate constant, which can be considered as the limiting case of a biochemical reaction rate (see Michaelis-Menten bio-reaction kinetics (Equation (27a) The increasing concentration also increases the convective flow, thus, its increase will then be balanced by the back diffusion flow, created by the concentration increase. With the decrease of the maximum values of the concentrations due to the increasing reaction rate, the value of the back diffusion flow also gradually decreases. After turning the curves to convex from concave ones, the back diffusion does not exist anymore. Due to the back diffusion, the overall mass transfer rate strongly depends on the range of the Peclet number's change. Thus, generally, it can be stated that the reactant concentration can be higher in the membrane layer in the case of decreasing convective flow, and due to this, the effect of the chemical reaction can be more effective in this case when the concentration depends on the reaction rate. On the other hand, the inlet mass transfer rate can strongly depend on other transport parameters as well. Accordingly, the inlet mass transfer rate and the conversion determines, under given transport parameters, which operating mode is more advantageous. By comparing the concentrations at high values of the reaction modulus, obtained by the two operation modes, it can be seen that the concentration is significantly higher in the case of a decreasing Pe-number, even at ϑ = 10. In contrary to that obtained by a constant Peclet number, the two operation modes practically give the same concentration distribution in the fast reaction rate regime (ϑ > 3 − 4) [6] . of the back diffusion flow also gradually decreases. After turning the curves to convex from concave ones, the back diffusion does not exist anymore. Due to the back diffusion, the overall mass transfer rate strongly depends on the range of the Peclet number's change. Thus, generally, it can be stated that the reactant concentration can be higher in the membrane layer in the case of decreasing convective flow, and due to this, the effect of the chemical reaction can be more effective in this case when the concentration depends on the reaction rate. On the other hand, the inlet mass transfer rate can strongly depend on other transport parameters as well. Accordingly, the inlet mass transfer rate and the conversion determines, under given transport parameters, which operating mode is more advantageous. By comparing the concentrations at high values of the reaction modulus, obtained by the two operation modes, it can be seen that the concentration is significantly higher in the case of a decreasing Pe-number, even at ϑ = 10 . In contrary to that obtained by a constant Peclet number, the two operation modes practically give the same concentration distribution in the fast reaction rate regime ( ϑ > − 3 4 ) [6] . It is worthwhile to discuss briefly how these significantly different concentration changes and values, due to the variable Peclet number, can affect the inlet mass transfer rate and the conversion in the case of the first-order reaction. The first-order reaction rate linearly depends on the concentration, thus higher concentrations should induce higher reaction rates. The overall inlet mass transfer rates (the sum of the diffusive and convective flows) are illustrated in Figure 10 It is worthwhile to discuss briefly how these significantly different concentration changes and values, due to the variable Peclet number, can affect the inlet mass transfer rate and the conversion in the case of the first-order reaction. The first-order reaction rate linearly depends on the concentration, thus higher concentrations should induce higher reaction rates. The overall inlet mass transfer rates (the sum of the diffusive and convective flows) are illustrated in Figure 10 , at three different variations of the Pe-number, namely with Pe i = Pe o (11 − 10i/N), Pe i = Pe o (1 + 10i/N), and with Pe = constant (Pe = 6). The values of J/J • are 3.4, 6.2, and 9.96 at a rather slow chemical reaction modulus, namely at ϑ = 1, in the cases of an increasing, constant, and decreasing Peclet number, respectively. The obtained essential differences between the three variation modes are in harmony with the previously shown concentration distribution. The effect of diffusive flow can be significant with the increase of the Pe-changed range, which increases the concentration gradient on the inlet membrane layer. The inlet mass transfer rate, as can be expected, is the highest when the Pe-number lowers as a function of the space coordinate [Pe i = Pe o (11 − 10i/N)], accordingly Pe ave = 6 in the presented case) due to the high inlet Peclet number (it value is 11 at i = 0). Its values are more than three times higher than those obtained by the increasing Peclet number, Pe i = Pe o (1 + 10i/N), again with Pe ave = 6, but a much lower starting value; Pe = 1 at i = 0). The conversion is also plotted by dotted lines in the three different cases. The conversion's data can essentially differ from each other as a function of the reaction modulus, at any given value of ϑ. The highest values of X were obtained in case of decreasing Peclet number, where the inlet mass transfer rate is also the highest ones. This means that the reacted amount of the solute component can be significantly higher in the case of a decreasing Peclet number due to the essentially higher inlet transfer rate and at higher conversion values. Accordingly, it can be recommended that the membrane structure should be fitted to the requirements of the reaction efficiency, which, in general, should be as high as possible. A more advantageous structure can be predicted by the model equations developed and briefly presented in this study.
Complementary Remarks
Figures 8 and 9 illustrate the effect of the variable convective velocity (the diffusion coefficient was kept constant) on the concentration distribution across the membrane, while Figure 10 plots the effect of the reaction modulus. The variation of the linear velocity can often occur during the gas phase reaction, which can be true to solid-gas biocatalytic processes as well [33] The change of the volumetric/linear velocity can take place not only inside a membrane layer, but in the lumen or shell fluid phases of a capillary membrane or in traditional reactors as well. Let us look at a simple reaction, e.g., the reaction of oxygen with hydrogen into a water molecule:
During this reaction, 3 moles of reactants produce 2 moles of product. The volume change of the gas phase is 2/3 times of the product concentration, assuming that there is no pressure or temperature change. Thus, the differential balance equation across the catalytic membrane can be given for the ith sublayer, taking into account Equation (35) , as (υ o means the inlet linear flow rate of the gas phase):
Equation (43) can easily be solved by the analytical approach method (or numerically) recommended by the authors [6] . Another example could be the carbon dioxide hydrogenation to methanol [34] or its methanation [35] . In the first case, 4 moles of reactants produce 2 moles of product. The volume change can reach 50%. The other important fact during these reactions is that the equilibrium of these reactions strongly depends on the temperature. An application of a membrane process with a suitable metallic membrane is the continuous removal of the product components, which can essentially improve the reactor efficiency. The calculation methodology used here can also be applied for packed bed reactors [36] or photcatalytic reactors when a strong volume change takes place [37] . These additional remarks might help readers to predict transport processes in reactions occurring in a fluid phase in the case of varying transport parameters, though deeper analysis of this topic was not the focus of the present paper.
Conclusions
Mass transport through an anisotropic or composite membrane can induce variation of the mass transport parameters, which can then strongly affect the mass transfer rate across the membrane layer. This study analysed how the concentration distribution and the mass transfer rates are affected in the presence of variable diffusion coefficients in a solution-diffusion model and variable diffusion coefficients and/or convective velocity in diffusion-convection mass transport. The effect of lowering the diffusion coefficient can result in the concentration distribution significantly deviating from that induced by the increasing diffusion coefficient across an anisotropic/composite membrane layer. In the case of a decreasing diffusion coefficient and/or convective velocity, the concentration of the transporting component can be much higher and can even be significantly higher than the inlet concentration than that obtained by increasing the diffusion coefficient or convective velocity. The inlet mass transfer rate can be higher or even lower in the case of a decreasing diffusion coefficient compared to an increasing value. Accordingly, transport processes with different concentrations can have significantly different mass transfer rates. The theoretical prediction of the effect of variable transport parameters enables the user to fit the membrane structure to a given task. even be significantly higher than the inlet concentration than that obtained by increasing the diffusion coefficient or convective velocity. The inlet mass transfer rate can be higher or even lower in the case of a decreasing diffusion coefficient compared to an increasing value. Accordingly, transport processes with different concentrations can have significantly different mass transfer rates. The theoretical prediction of the effect of variable transport parameters enables the user to fit the membrane structure to a given task. 
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